The EPDiff equation for geodesic flow on the diffeomorphisms admits a remarkable ansatz for its singular solutions, called "diffeons." Because this solution ansatz is a momentum map, the diffeons evolve according to canonical Hamiltonian equations. We examine diffeon solutions on Einstein spaces that are "mostly" symmetric, i.e., whose quotient by a subgroup of the isometry group is 1-dimensional. An example is the two-sphere, whose isometry group SO(3) contains S 1 . In this situation, the canonical Hamiltonian dynamics for the diffeons reduces from (integral) partial differential equations to ordinary differential equations in time. We analyse the basic diffeon solutions of these canonical equations for the sphere and for several other 2-dimensional examples. Explicit calculations are provided for future numerical implementation. From consideration of these 2-dimensional spaces, we then begin developing the theory for a general manifold possessing a metric equivalent to the warped product of the line with the bi-invariant metric of a Lie group.
Contents

Review and Generalisation of the Camassa-Holm Equations to EPDiff
The dispersionless Camassa Holm (CH) equations [2] for one-dimensional shallow water waves are the stationary points of the functional given by the Sobolev (2,1)-norm To put the dispersionless CH equations onto a general Riemannian manifold (M, ·, · ) with dimM = n and Levi-Civita connection ∇, we work with the functional on the space of weakly differentiable square integrable vector fields
Again, we require the stationary points of ℓ with respect to variations of the form δu =ζ + [ζ, u] . 
Here we denote ∆ ∇ = ∇ * ∇ for the connection Laplacian with respect to the metric and we assume homogeneous boundary conditions.
Diffeons: Singular solutions for EPDiff. The EPDiff equation (1) has Lie-Poisson Hamiltonian structure in the variable m and satisfies a remarkable ansatz for its singular solutions, called "diffeons,"
These singular solutions of EPDiff are vector-valued functions supported in M on a set of N surfaces (or curves) of codimension (n − k) for s ∈ M k ⊂ M with dimM k = k < n. For example, they may be supported on sets of points (k = 0), curves (k = 1), or surfaces (k = 2) in three dimensions. The support sets of m move with the fluid velocity u = G * m; so the coordinates s ∈ M k ⊂ M are Lagrangian fluid labels. The Green's function G for the operator 1 + ∆ ∇ is continuous, but it has a jump in its derivative on the support set that advects with the velocity u = G * m under the evolution of EPDiff. Therefore, in the parlance of fluid dynamics, these support sets moving with the flow are contact discontinuities [].
The diffeon singular solution ansatz (2) was first discovered as the "peakon" solutions for CH motion on the real line in [2] . It was generalised to motion in higher dimensions in [6] and was shown to be a momentum map in [3] . As a result of the singular solution ansatz being a momentum map, the 2N variables P i , R i , satisfy Hamilton's canonical equations. This paper will be concerned with examining diffeon solutions of the EPDiff equations (1) on spaces that are "mostly" symmetric, i.e., that have a group acting by isometries so that the orbits have co-dimension 1 in the manifold except on a set of measure zero, and hence the quotient of the manifold by the group is 1-dimensional.
Thus, we are interested in identifying and analysing cases where imposing an additional translation symmetry on the solution reduces the canonical Hamiltonian dynamics of the singular solutions of the EPDiff on Einstein manifolds from (integral) partial differential equations to ordinary differential equations for P i (t), R i (t). We shall then analyse some of the properties of those canonical equations.
We begin by noting some simplifications of the EPDiff equations when restricted to Einstein spaces. This gives us a relation between the connection Laplacian and the Hodge Laplacian, the latter of which is easier to compute. Knowing the EPDiff equations in 1-dimension, we move up to the Einstein spaces in two dimensions.
The first manifold we study is the 2-sphere, which has the obvious group action formed by rotations about a fixed axis. Thus we construct "Puckons," i.e. singular solutions of the EPDiff equations supported on concentric circular latitudes of the 2-sphere. The case of the plane has already been discussed in [5] , so we proceed to examine the hyperbolic plane, which has a rich isometry group.
From consideration of these 2-dimensional spaces, we then develop the theory for the general manifold which possesses a metric equivalent to the warped product of the line with the biinvariant metric of a Lie group.
Plan of the paper. The paper follows the following plan. After a brief recollection of essentials needed from the theory of Einstein manifolds in section 2, we begin in section 3 by reducing the singular solutions of EPDiff to a canonical Hamiltonian dynamical system for the simplest Einstein manifold -namely, motion on a sphere of singular EPDiff solutions supported on concentric circular latitudes, or "girdles." We call these new singular solutions "Puckons." 1 Although the canonical reduction is guaranteed by the momentum map property, the calculations for Puckons are given in detail, so the derivations of these dynamical systems may be conveniently recovered and implemented numerically in their future study. Section 4 generalises the Puckons to other surfaces that are Einstein manifolds with a translation symmetry. Section 5 incorporates these ideas into the theory of warped products.
The EPDiff Equations on Einstein Spaces
The operator ∆ ∇ + l 1 arises in the following context in Riemannian geometry. 
In Riemannian geometry, the Levi-Civita connection respects the musical isomorphisms, namely for v, w ∈ X (M ) and α ∈ Ω 1 (M ):
Thus, the musical isomorphisms identify vector fields with 1-forms and allow them to be differentiated in the same way
The connection Laplacian on 1-forms satisfies the Bochner-Weitzenböck formula:
Theorem 2.2 (Bochner-Weitzenböck) On a Riemannian manifold with Levi-Civita connection ∇, any 1-form α satisfies
where 
for some constant k.
On an Einstein manifold, one may scale the metric so that k can be replaced by −1, 0, 1 depending on whether k is negative, zero or positive respectively. Thus on an Einstein manifold, the Bochner-Weitzenböck formula becomes
We restrict our study further to Einstein manifolds with positive k (we shall call these positive Einstein manifolds) and scale to k = 1. Thus we have
The implication of this for the EPDiff Lagrangian on vector fields is as follows, for homogeneous boundary conditions:
Hence finding the stationary points of ℓ with the usual constraints on the variations, the EPDiff equations become
These equations generalize the EPDiff equations to Einstein manifolds.
The EPDiff equations on the Sphere
In two dimensions, the only manifold with positive Einstein constant is the standard round sphere which we shall regard as the Riemann sphere. We use stereographic projections to identify the complex plane with the sphere whose North Pole is removed. This is equivalent to putting the metric
on the plane.
Rotationally Invariant Solutions
We shall examine vector-field solutions u of EPDiff with
for any smooth 1-form β where C is a circle of latitude on the sphere. The quantity m = ∆ d u ♭ is a distribution, defined only under integration against a smooth function. Thus, we seek weak, or singular, solutions of EPDiff on the sphere. We change coordinates on the sphere to assist us in this search. The metric on R 2 \0 in polar coordinates is dr 2 + r 2 dθ. Thus we can regard the sphere minus both poles as R 2 \0 with the metric
Green's function for the Helmholtz operator on the Riemann sphere. We now seek solutions to the equation
where R, k 1 , k 2 are constants. Let us assume that u is invariant under rotations of the sphere about the axis joining North and South Poles and radial, i.e. we have to solve
Let us first solve the Green's function equation
for then one recognises the EPDiff solution is proportional to the Green's function a = kG R .
To solve explicitly for the Green's function in our present case, we begin by recalling
Integrating the Green's function equation using this expression yields
In particular, we can remove the singularities at r = 0 and r = ∞ by setting A 1 = 0 and
,
Similarly, the solution to
Both G R andG R are continuous over the sphere, but each has a jump in derivative at r = R.
Thus, we have proved the following.
Proposition 3.1 (Radial Green's function on the sphere) The solution to (6, 7) for the radial Green's function on the sphere is
Solution ansatz for EPDiff on the sphere. Following [6] , we propose a solution ansatz for EPDiff velocity on the sphere as the following superposition of Green's functions,
where k i , R i are 2N functions of time. The corresponding vector field dual to η is
It will also be convenient to define the N quantities P i as
We pair the arbitrary smooth vector field w = f ∂ r + g∂ θ on S 2 with the EPDiff equation using the solution ansatz given by the one-form η in equation (8) . A direct calculation yields:
Comparing coefficients of f and f r implies
From these, we arrive at the equations for the diffeon parameters,
Canonical Hamiltonian formulation. We Legendre transform ℓ into the Hamiltonian H by setting
whence we find that
We then consider the superposition of Green's functions,
where as above
and we evaluate the Hamiltonian on this solution as
We thus obtain a function of P = (P 1 , . . . , P N ) and R = (R 1 , . . . , P N ) given by
One may then check that (9,10) are equivalent to the canonical Hamiltonian equations,
As explained in [3] , this reduction of EPDiff to canonical Hamiltonian form for the diffeons is guaranteed, since the singular solution ansatz (2) is a momentum map. However, we record the explicit results here for later reference. 
will be called an N -Puckon. The support set of this (weak) solution of EPDiff is a set of circular latitudes (girdles) at radii R i (t) with conjugate radial momenta P i (t), where i = 1, . . . , N .
The Basic Irrotational Puckon
Let us consider the case where N = 1 and examine the form of the basic Puckon without rotation. For N = 1, the Hamiltonian is given by
Thus by restricting ourselves to the set defined by
for constant K, we obtain
.
This has solution
and hence
So far we have been using the stereographic projection to provide charts for the sphere. However we may easily pass from the coordinates (r, θ) obtained from stereographic projection to latitudinal-longitudinal coordinates (φ, θ) where r and φ are related by
By this token, the latitude Φ of the peak of the Puckon evolves as
By direct substitution, the velocity vector field v = η ♯ generated by the motion which is given in stereographic coordinates by
appears in latitudinal-longitudinal coordinates as
The peak of the Puckon occurs when
(modulo behaviour at the poles), whence
We still need to examine precisely what happens to the dynamics of a Puckon as it passes through the poles.
We notice thatṘ = K 2 = 0 at R = 0 and by setting U = 1/R we see that at U = 0,U = K 2 = 0. Similarly, one can show thatṖ = 0 at both poles. Thus, although the overall Puckon amplitude vanishes, the Puckon velocity is finite at the poles. Since the motion is time-reversible, the Puckon must bounce elastically off the poles.
Rotating Puckons
So far we have concentrated on singular EPDiff solutions on the sphere moving with only a radial component. Now we turn to examine the rotating N -Puckon, i.e. a solution of
in which M i (t) with i = 1, . . . , N , are angular momenta. First we note that the solution to (13) is given by
Thus the vector field u dual to η is given by
To make our calculations more transparent, we collect terms as
Note that the expression for F i is symmetric in r and R i . In particular,
Now let w = f ∂ r + g∂ θ be any smooth vector field on S 2 . Then
Hence, the left hand side of the EPDiff equation becomes ∂ ∂t
Now we need to calculate the right hand side.
First we see that
Now, by Stokes' theorem, when we integrate over the whole sphere, the contribution due to f θ , g θ will be zero because f, g, the only components of the integration to depend on θ, satisfy f (r, 0) = f (r, 2π) etc. Thus
Now to find the evolution equations of P i , R i , M i we have to compare the coefficients of f, f r , g, g r occurring in
From this we find
in which the second and fourth equations provide the same information. We therefore obtain the evolution equations for P i , R i , M i given bẏ
This last equation yields the conservation of the angular momentum of a Puckon. It is quite clear that with M i constant and recalling the fact that F i (R j ) = F j (R i ), we have a Hamiltonian system of equations with symmetry-reduced Hamiltonian
A simple check shows that if
is the Legendre transform of the Lagrangian ℓ then
As explained in [3] , this reduction to canonical Hamiltonian form is guaranteed, since the singular solution ansatz (2) is a momentum map.
The Basic Rotating Puckon
Again we take the case N = 1 and find the corresponding Hamiltonian
We notice that for a rotating Puckon with H = K 2 = const, the girdle of the Puckon cannot have zero radius unless M = 0, in which case we return to the irrotational Puckon. Likewise, the girdle radius cannot be infinite unless P again is zero. Thus a rotating Puckon is constrained to lie between a maximum and minimum radius. To find this maximum and minimum radius, we have to solve
The first equation can only be solved by P = 0, thus the second becomes
Assuming that K and P are both positive, we find that the maximum and minimum values of R are
Thus we observe that if M = 2K, then the Puckon is radially static at the equator and P is identically zero. The solution (P, R) = (0, 1) is the only critical point of the Hamiltonian H unless M = 0 in which case the set defined by P = 0 is the critical manifold.
Further Hamiltonian Aspects of Radial Solutions of EPDiff on the Riemann Sphere
Let us cast the EPDiff equation for radially symmetric dynamics on the Riemann sphere into Lie-Poisson Hamiltonian form. In the case that
where the P i and R i satisfy (15) and (16), the associated momentum density is
where
Let w 1 = f ρ 2 r ∂ r and w 2 = g ρ 2 r ∂ θ be two vector fields on S 2 . Then
Thus, the EPDiff equations become
From this we obtain the radial equation
Hence we have the azimuthal equation
We may summarise these findings for radially symmetric solutions of EPDiff on the Riemann sphere, as ∂ ∂t
where D is the skew-symmetric Hamiltonian operator given by
and the velocities u r and u θ /r are given by the variational derivatives of the Hamiltonian,
Equations (18,19) provide the Lie-Poisson Hamiltonian form of the EPDiff equation for radially symmetric dynamics on the Riemann sphere.
Generalising to Other Surfaces
We now wish to extend these Hamiltonian reductions for diffeons on the sphere to other surfaces. For the moment, we retain the rotational symmetry.
Rotationally Symmetric Surfaces
Any surface Σ with an isometric action of S 1 has rotationally invariant coordinate charts on which the metric is given by
where (r, θ) ∈ (r min , r max ) × (0, 2π). We may take r min = 0 to describe a fixed point of the motion. Let ∇ be the Levi-Civita connection with respect to this metric and set
By the Bochner-Wietzenböck theorem on 1-forms
We also have
Suppose that u is a rotationally invariant vector field on Σ i.e.
is a system of ordinary differential equations in r. We may solve this system to obtain two rotationally invariant, continuous functions G r , G θ of r and R, within our coordinate chart, that are symmetric in the two variables and which satisfy
The functions G r , G θ will be related are related by
they also have a jump in the derivative along the diagonal r = R. Thus the solution u of (20) is
The EPDiff equations on the rotationally symmetric surface Σ are
and these equations minimise
We already know that the solution to (21) is
We see that since m is only supported within our coordinate chart, we have
Choose a vector field w = f (r, θ)
Again since m is supported within our chart, we know that
So the EPDiff equations yield
But comparing coefficients of f, ∂ r f, g∂ r g we get
The factor 
A solution to (23, 24, 25) is an example of an N -diffeon on Σ.
We notice that the critical points of H are those R = (R 1 , ..., R n ) such that both G r (R i , R j ) = 0 for all i, j. But the value of H at these critical points is always 0 since H depends on G r .
Remark 4.2 The only 1-dimensional Lie
Groups are R and S 1 , and while we have considered the isometric action of S 1 on a surface, we have to be more careful with translation invariance because the group ceases to be compact. However we can consider θ, which parameterises each orbit r = const, taking values in (−L, L) rather than (−∞, ∞) for the full translation group. This makes the integration finite.
Rotationally Invariant Diffeons on Hyperbolic Space
Hyperbolic space has a richer structure than either the plane, or the sphere. Indeed, the isometry group of the sphere is SO(3) so all isometries are rotations. We have already examined the case of rotationally invariant diffeons (i.e. Puckons). The isometry group of the plane R 2 is S 1 ⋉ R 2 , the semi-direct product of rotations and translations. Translational invariance yields the direct product of the original 1-dimensional peakons, whereas rotational invariance yields the rotating circular peakons developed in [5] . However, the isometry group of hyperbolic space is PSL(2, R) which is not compact and contains three different types of isometry, the rotational, translational and horolational subgroups. We will only consider the case of the rotational and horolational subgroups, the case of translation invariance is not easy to describe here.
First we deal with the easier case of rotational symmetry.
The rotational case is easiest because we have already done the work. All we have to do is write the hyperbolic metric in a conformally flat way and from it deduce the functions G r and G θ . The model is obvious, we use the Poincaré disc D = {(x, y) ∈ R 2 |x 2 + y 2 < 1} in polar coordinates with the metric
i.e. the conformal parameter is
The Bochner-Wietzenböck formula states that on TD
We wish to find G r and G θ such that
We also ask that these be finite at the origin, continuous and symmetric in its variables. Now
so setting F (r) = 2 − 2r 4 + 8 log(r)r 2 + r 2 we have
and hence G θ (r, R) = RrG r (r, R).
For the sake of simplicity, let us examine the behaviour of the basic hyperbolic diffeon. The Hamiltonian is
The function F (R)/R 2 is positive and continuous on (0, 1) but has a singularity at R = 0. Its derivative is negative on (0, 1) and its image is (1, ∞), thus we can conclude that F (R)/R 2 is an invertible function (0, 1) −→ (1, ∞).
Assuming M = 0, if we examine the level set H(P, R) = K 2 then we find that
Thus we see that whenever 32K 2 > M 2 we have precisely one turning point for R, thus there can be no periodic behaviour for rotating diffeons in this case.
For the irrotational diffeon, we have
and since F (R) > 0 for all R ∈ [0, 1], there are no turning points of R at all.
Horolationally Invariant Diffeons on Hyperbolic Space
We now turn to a subtlely different problem. So far we have been using solely the rotation group (the circle) to produce symmetric diffeons. Now we consider a different subgroup of hyperbolic isometries. This time it is expedient to use the upper-half-plane model of hyperbolic geometry.
That is H = {(x, y) ∈ R 2 |y > 0} with the metric
The group we consider is the horolation group (x, y) → (x + a, y). This is a unique type of isometry in planar geometries and is, figuratively speaking, a "rotation about infinity". We can see immediately that the orbits of this group action are the lines y = const, and that we seek diffeons which are independent of x. In this situation by (26),
Thus the solution to
and this solution also solves
Now, we have a compactness issue. Since the coordinate x ranges from −∞ to ∞ we know that functions that only involve y cannot be integrated across all of H. Thus the Diffeon Hamiltonian cannot exist over the whole space and the theory of section 4.1 does not apply. Let us restrict ourselves to the strip B L = {(x, y)|y > 0, |x| < L} ⊂ H. By doing this we can apply similar calculations to those used in section 4.1 to B L but we have to apply them only in the case of vector fields which are tangent to the boundary x = ±L.
then we arrive at the Hamiltonian
and the condition thatṀ i = 0.
For the 1-diffeon, the Hamiltonian is
so for H(P, Y ) = const = K, the only turning point of Y is at
or at 0 if M = 0. 
EPDiff on Manifolds with Symmetry
We have been able to make these calculation for surfaces because we are imposing a rotational symmetry of the solutions. That is, the solutions are invariant under a circle action, and this effectively reduces I in (26) to an ordinary differential operator. As a result, we are able to find G r and G θ which are invariant under the group action, continuous and have a jump in the derivative along an orbit. This motivates the study of higher dimensional Riemannian manifolds (Σ, g) which possess an isometric action of the Lie group G such that the quotient space Σ/G is actually a 1-dimensional orbifold.
Principal Bundles over 1-Dimensional Manifolds
We consider first the case of principal bundles over 1-dimensional manifolds. It is a well known fact that 1-manifolds are diffeomorphic to R, [0, ∞), [0, 1] or S 1 , see for example pp55-57 of [8] . Intervals of R are all contractible, we know that any principal bundle over them is trivial. The principal K-bundles of S 1 are up to isomorphism in 1-1 correspondence with π 1 (BK), the fundamental group of the classifying space BK of the Lie group K. However, by the long exact sequence of homotopy groups (see [7] ), we know that π 1 (BK) ∼ = π 0 (K), thus if K is connected, then any Principal K-bundle over S 1 is trivial.
The upshot here is that if Σ is a Riemannian manifold with a free isometric action of K and Σ/K is a 1-dimensional manifold N , then Σ ∼ = K × N .
Warped Products
Let K be a compact semi-simple Lie group of dimension n − 1 and Σ −→ I ⊂ R a principal K-bundle over the open interval I (in fact in what follows, we may also take I to be the circle S 1 ). Suppose Σ has a Riemannian metric g preserved by K, then there are coordinates such that the metric has the form of a warped product
where g K is a left-invariant inner product on TK and ψ a K-invariant function on Σ, i.e. a function of r alone. The coordinate r parameterises the orbit of K in Σ. Let ∇ be the Levi-Civita connection with respect to g.
We make the following assumption:
The metric g K can be taken to be bi-invariant.
Indeed, we notice that the second identity in Proposition 5.2 shows that G i is independent of i. Hence instead of G i ,we shall write G K . Now let m be the measure-valued form
Note, we are not using the summation convention here. Let
for any ζ ∈ k. Any vector field on Σ will be the sum of such w. Then
Before we proceed, we note that while we were dealing with the circle, terms such as u θ ∂ θ f disappeared when we integrated over the circle, as one would expect from Stokes' theorem.
Here, however, we have the terms u j X j (f 0 ) and u j X j (f ζ ). One asks, "Do these vanish when we integrate over the group K?" From standard Riemannian geometry, one has From this we see that, in our situation Proposition 5.4 Given any κ ∈ k and any function φ on K.
This follows because X κ generates volume preserving (metric preserving!) diffeomorphisms of K. Hence when we integrate over K, the terms u j X i (f 0 ) and u j X j (f ζ ) will vanish because u j is K-invariant. Thus we have
Thus, the EPDiff equations give
Again, we compare coefficients of f 0 , f ζ ,
f 0 and
f ζ to get
whence we have the Hamiltonian reduction,
M i = 0.
As guaranteed by the momentum map property of the diffeon solution ansatz (2) for EPDiff, these are Hamilton's equations with Hamiltonian 1 volK H j where
Notice that H j is independent of j, thus we may write H for H j .
Thus, given any ζ ∈ k we have a diffeon that moves on Σ with motion described by Hamilton's equations with the Hamiltonian given by H. The diffeon itself is "rotating" in the direction determined by ζ with constant angular momentum determined by M = (M 1 , . . . , M N ).
Remark 5.5
We can repeat the whole procedure replacing K with a compact symmetric space K/H for some closed Lie subgroup H of K. The only significant changes would be that the θ i would become local on K/H rather than global. However, all the propositions will remain true because of the intimate relationship between symmetric spaces and Lie groups. Thus we would expect diffeon behaviour on S n to be similar to the Puckon behaviour on S 2 since g S n = dr 2 + (cos 2 r) g S n−1 .
Singular fibres
We have so far dealt with a free action of a group on a manifold such that the quotient space is a 1-manifold. Thinking back to the case of Σ = S 2 , we see that we haven't got a completely free action of the circle, but there are precisely two points (the poles) which are fixed under the group. Away from these fixed points, the sphere is a principal S 1 fibration, and the Puckons tend to "bounce" off the poles (if they are not rotating). For the general manifold Σ, the situation could become much more complex.
In the situation of the previous section, we see that problems arise if we choose a diffeon which is rotating in the direction ζ ∈ k and find that X ζ vanishes at a point p. However, if the diffeon is not rotating, and the vector field ∂ ∂r vanishes nowhere, then all the previous theory holds. The theory also holds for the warped product of the line (or circle) with the flat metric with an Einstein space, provided we use harmonic coordinate charts (p285 of [9] ).
